We study the general deformed conformal-Poincaré (Galilean) symmetries consistent with relativistic (nonrelativistic) canonical noncommutative spaces. In either case we obtain deformed generators, containing arbitrary free parameters, which close to yield new algebraic structures. We show that a particular choice of these parameters reproduces the undeformed algebra. The structures of the deformed generators in both the coordinate and momentum representations are derived. Notably, the deformations in the momentum representation drop out for the specific choice of parameters leading to the undeformed algebra. The modified coproduct rules and the associated Hopf algebra are also obtained. Finally, we show that for the choice of parameters leading to the undeformed algebra, the deformations are represented by twist functions.
Introduction
In a series of papers Wess [1] and collaborators [2, 3, 4] have discussed the deformation of various symmetries on noncommutative spaces. A deformation of the algebra of diffeomorphisms is constructed for noncommutative spaces with a constant θ parameter. The deformation of the Poincaré algebra naturally follows as a subgroup of the deformed diffeomorphism algebra. It has been shown that the algebraic relations remain unaffected but the coproduct rule changes. The modified coproduct rule obtained for the Poincaré generators is found to agree with an alternative (quantum-group-theoretic) derivation [5, 6] based on the application of twist functions [7] . The extension of these ideas to field theory and possible implications for Noether symmetry are discussed in Refs. [8, 9] . An attempt to extend such notions to supersymmetry has been done in Refs. [10, 11] . Very recently, the deformed Poincaré generators for Lie-algebraic θ (rather than a constant θ) [12] and Snyder [13] noncommutativity [14] have also been analysed.
There are principally two approaches for discussing the deformed symmetries and these give equivalent results. In the first method [1, 2, 3, 4] higher-order differential operators are constructed which are compatible with the star-product for a constant (canonical) noncommutative parameter. The deformations brought about by the presence of these operators are such that the comultiplication rules are modified but the algebra remains undeformed. In the second method [5] the modified comultiplication rules are obtained by an application of an Abelian twist function on the primitive coproducts.
In this paper we develop an algebraic method for analysing the deformed relativistic and nonrelativistic symmetries in noncommutative spaces with a constant noncommutativity parameter. By requiring the twin conditions of consistency with the noncommutative space and closure of the Lie algebra, we obtain deformed generators with arbitrary free parameters. For relativistic conformal-Poincaré symmetries we show that a specific choice of these parameters yields the undeformed algebra, although the generators are still deformed. For the nonrelativistic (Schrödinger [15] ) case two possibilities are discussed for introducing the free parameters. In one of these there is no choice of the parameters that yields the undeformed algebra while in the other way, this possibility exists.
A differential-operator realisation of the deformed generators is given in the coordinate and momentum representations. The various expressions naturally contain the free parameters. For the particular choice of these parameters that yields the undeformed algebra, the deformations in the generators drop out completely in the momentum representation. In other words, the generators in the commutative and noncommutative descriptions in this representation have the same form. Intuitively this is understandable since, even in noncommutative space, the momenta are still commuting.
The modified comultiplication rules (in the coordinate representation) and the associated Hopf algebra are calculated. For the choice of parameters that leads to the undeformed algebra we show that these rules agree with those obtained by an application of the Abelian twist function on the primitive comultiplication rule. 1 For other choices of the free parameters the deformations cannot be represented by twist functions. The possibility that there can be such deformations also arises in the context of κ-deformed symmetries [16] .
Coordinate transformations mapping the undeformed generators with the deformed ones have been given, once again for the particular choice of parameters when the algebra remains undeformed. Consequently such transformations are meaningful only when the deformations are expressed through twist functions. Also, these transformations are valid both for the relativistic and nonrelativistic treatments.
In Sec. 2 we discuss the deformed conformal-Poincaré symmetries. The special conformal generator contains an arbitrary free parameter. New algebraic structures are obtained. Section 3 has a detailed analysis of the Schrödinger symmetry [15] (Schrödinger group contains, in addition to the centrally extended Galilean group, two conformal generators, namely dilatations and special conformal transformations or expansions). Two generalisations are possible, both of which contain free parameters. We show that if only O(θ) deformations are considered, then the closure of the algebra is such that no choice of the free parameters yields the undeformed algebra. This is feasible only if O(θ 2 ) deformations are included. In either case the algebra closes nontrivially leading to new structures. Also, a deformed conformal-Galilean algebra is obtained in this section by a contraction of the deformed conformal-Poincaré algebra. Our conclusions are given in Sec. 4.
Deformed conformal-Poincaré algebra
In this section we analyse the deformations in the full conformal-Poincaré generators compatible with a canonical (constant) noncommutative spacetime. First, confining to the Poincaré sector only, we find that it is possible to obtain a generalisation (by including, apart from the translations and rotations, a symmetric second-rank tensor operator) of the Poincaré algebra containing two arbitrary parameters. Fixing these parameters yields the usual undeformed algebra. This result is in comformity with that obtained in Ref. [4] . Including the conformal sector yields further novel algebraic structures. We find that there exists a one-parameter class of deformed special conformal generators that yields a closed algebra whose structure is completely new. A particular value of the parameter leads to the undeformed algebra.
We begin by presenting an algebraic approach whereby compatibility is achieved with noncommutative spacetime by the various Poincaré generators. This spacetime is characterised by the algebra
For constant θ, it follows that, for any spacetime transformation,
It is obvious that translations, δ x µ = a µ , with constant a µ , are compatible with the condition (2) . The generator of the transformation, consistent with δ
For an undeformed Lorentz transformation, δ x µ = ω µν x ν , ω µν = −ω νµ , the requirement (2) implies ω µ λ θ λν − ω ν λ θ λµ = 0, which is not satisfied except for two dimensions, when ω µν and θ µν become proportional to the antisymmetric tensor ε µν . Therefore, in general, the usual Lorentz transformation is not consistent with the condition (2) . A deformation of the Lorentz transformation is therefore mandatory. We consider the minimal deformation so that the transformation law is modified by terms proportional to θ:
where n 1 , n 2 and n 3 are coefficients to be determined by consistency arguments. The generator,
reproduces the above transformation as
for n 1 = n 2 + 1 = λ 1 , n 3 = −λ 2 , a result which follows on using the basic noncommutative algebra (1) . It is therefore clear that n 1 = n 2 = 0 is not possible, which necessitates the modification of the transformation as well as the generator. It turns out that
We thus have a generalised type of Poincaré algebra with generators P µ , J µν , S µν ≡ p µ p ν . Since the P-P and J -P algebras retain their undeformed structures, it is clear that the closure of this algebra with an extended generator holds. The closure of the normal Lorentz algebra is obtained only for λ 1 = 1/2 and λ 2 = 0 [4] . It is worthwhile to mention here that a symmetric second-rank tensor as a generator occurs in the example of the 3-dimensional isotropic harmonic oscillator: H = p 2 /2m + mω 2 x 2 /2. The dynamical symmetry generators, J i = ε ijk x j p k , Q ij = x i x j − δ ij x 2 /3, satisfy an SU(3) algebra. The quadrupole operator Q ij is obviously symmetric and traceless.
Similarly, the usual scale transformation, δ x µ = α x µ , is not consistent with the condition (2). A minimal deformed form of the transformation may be written as
, is achieved only for n = 1 by
Likewise, to achieve consistency with the condition (2), we start with the minimally deformed form of the special conformal transformation:
The generator,
is consistent with
This completes our demonstration of the compatibility of the various transformation laws with the basic noncommutative algebra. However, achieving consistency with the transformation and closure of the algebra are two different things. It can and does turn out that the minimal O(θ) deformation, while preserving consistency, does not yield a closed algebra. Indeed we find that the conformal algebra
does not close, necessitating the inclusion of O(θ 2 ) terms in the deformed transformation and the deformed generator. Therefore, instead of the form appearing above Eq. (7) we now start with
An appropriately deformed form of the generator containing O(θ 2 ) terms is given by
Consistency with the transformation law now requires
and m 10 = 2m 12 = 2η 6 , implying 6 free parameters in the generator and in the transformation. However, the closure of the algebra
fixes 5 parameters, η 2 = −η 3 = −4η 4 = 1, η 5 = η 6 = 0, leaving only one, η 1 , as free. The final form of the deformed generators, therefore, is given by
which involves one free parameter. Observe that the free parameters in the Lorentz generator are ruled out as a consequence of the closure of the J -K algebra. The various generators satisfy the deformed algebra:
We observe that the Poincaré sector remains unaffected, but the conformal sector changes. A one-parameter class of closed algebras is found. We therefore obtain new algebraic structures in the conformal sector. Also, unlike the Poincaré sector discussed earlier, it is not necessary to extend the set of generators to obtain these new structures. Fixing η 1 = −i yields the usual (undeformed) Lie algebra. In that case the deformed special conformal generator also agrees with the result given in Ref. [11] .
Coordinate transformations and generators
The form of the generators in Eq. (10) with η 1 = −i obeys the usual conformal-Poincaré algebra. It is possible to obtain this form of the generators starting from the generators in the commutative space and then using the appropriate transformation from the commutative (x, p) to the noncommutative ( x, p) description. To this end, we note that the transformation
preserves the basic commutation relations:
Now taking the generators in the commutative space and applying the inverse transformation,
yields the generators in the noncommutative space:
This also explains the fact that these deformed generators satisfy the usual undeformed algebra. Nontrivial distinctions arise when η 1 = i in which case new structures are obtained. These cannot be reproduced by simple coordinate transformations.
Representations
In the usual commutative space a symmetry exists between the coordinates x and momenta p.
Each is an observable with eigenvalues extending from −∞ to +∞ and the usual commutation relations involving x and p remain invariant if x and p are interchanged and 'i ' is replaced by '−i '. One may then set up the coordinate representation in which x is diagonal and p = −i ∂ ∂x with = 1. Alternatively it is also feasible to write the momentum representation where p is diagonal and x = i ∂ ∂p .
In the noncommutative space, on the other hand, the symmetry between x and p is lost. As will soon be shown, this leads to nontrivial distinctions between the coordinate and momentum representations. The relations in Eq. (1) are easily reproduced by representing
in view of the relations
This is the coordinate representation. One may also choose the momentum representation:
The relations in Eq. (1) are now reproduced in view of
The deformed generators in coordinate representation read
It is a matter of straightforward calculation to show that the algebra (11) is indeed satisfied.
Coproducts and Hopf algebra
The deformed generators lead to new comultiplication rules. To obtain these rules we apply the operator to a product of two functions. Using the coordinate representation it follows that
Similarly we find
The [11, 6] . Now we compute the basic Hopf algebra. It turns out that the Hopf algebra can be read off from Eq. (11) by just replacing the generators by the coproducts. For example,
Momentum representation
As already mentioned, a symmetry exists between the coordinates x and momenta p in the usual commutative space. In the noncommutative space this symmetry between x and p is lost and some nontrivial differences among the two representations are expected. From a purely algebraic point of view one may use either representation. However it appears that, for noncommutative space, momentum representation is more favoured since the momenta still continue to commute. This is even true from an algebraic point of view, as we now demonstrate by writing the generators in the momentum representation. Translations are trivially represented by P µ = p µ . Let us write down the generator of Lorentz transformations in momentum representation:
We note that the extra (deformed) pieces exactly cancel out. The definition of the Lorentz generator, as compared to the commutative space description, is thus form-invariant. This is a generic feature, it is also true for dilatations:
where N = δ µ µ is the number of spacetime dimensions. For special conformal transformations we have
Although there is deformation in the generator for the general case, for η 1 = −i , when the generators satisfy the usual (undeformed) algebra, the deformation in K ρ drops out in the momentum representation. We thus find that all the generators have exactly the same structure as in the commutative description. It shows the naturalness of the momentum representation. This is also intuitively understandable since noncommutative-space momenta still commute among themselves, as they do in the commutative space.
Deformed Schrödinger and conformal-Galilean algebras
The analysis of the previous section is now done for the nonrelativistic symmetries. We consider separately the Schrödinger symmetry and the conformal-Galilean symmetry, both of which are extensions of the Galilean symmetry.
Deformed Galilean symmetry
The undeformed n-dimensional Galilean algebra, which involves Hamiltonian (H), translations (P i ), rotations (J ij ) and boosts (G i ), is given by
The standard free-particle representation of this algebra is given by
Using the usual commutation relations [ (20) is easily reproduced from generators (21). Now we introduce noncommutativity in space:
Exactly as done for the deformed Poincaré generators, we follow a two-step algebraic process. First, by requiring the compatibility of transformations with Eq. (22), a general deformation of the generators is obtained. A definite structure emerges after demanding the closure of the algebra. Let us first consider the minimal deformation in the generators. The linear momentum p i and the Hamiltonian, H = p 2 /2m, retain their original forms, basically because the algebra of p i is identical to p i . For rotations and boosts a deformation is necessary. Considering the minimal (i.e. least order in θ) deformation, we obtain the following structure:
The transformations derived from these generators are consistent with the noncommuting algebra (22). Till now the λ parameters are arbitrary. These will be determined by requiring the closure of the algebra. Using the brackets (22) we find
If we conform to the usual type of algebra, in the sense that any bracket between the generators should not involve product of generators, then the first equation requires λ 1 to be set to 1/2, in order to get rid of the term involving p k p j . Also, as is clear from the last equation, the closure of the algebra requires λ 4 to vanish. For this reason, we set λ 1 = 1/2 and λ 4 = 0, so that the above equations simplify to
The structure of the other brackets remains unaltered:
The deformed generators (23) now read
We thus have the deformed Galilean algebra (24) satisfied by the generators (26). As happens for the relativistic case, here also we find new algebraic structures. There are two arbitrary parameters λ 2 and λ 3 . Fixing λ 2 = 0 and λ 3 = 1/2 yields the standard (undeformed) algebra; the generators are still deformed, however. Now we can give the operators some differential representation. The deformed generators in coordinate representation (Eq. (13) with µ = i) read
In momentum representation (Eq. (14) with µ = i), on the other hand, they read
Expectedly, for λ 2 = 0, λ 3 = 1/2, which corresponds to the standard (undeformed) Galilean algebra, there is no deformation in the generators in the momentum representation. The same thing also happened for the relativistic treatment.
Deformed Schrödinger algebra
The standard Schrödinger algebra is given by extending the Galilean algebra with the algebra of dilatation (D) and expansion or special conformal transformation (K). The relations (20) are augmented by
The free-particle representation of this algebra is given by the relations (21) along with
Introducing noncommutativity and starting with the minimal deformation, we write down for dilatation and expansion:
These modifications are compatible with the noncommutative algebra (22). Next, the Lie algebra is considered. Using Eqs. (26) and (31), we obtain
The closure of the algebra requires λ 5 = 0. Then the brackets of D with other generators are found to be
leading to a non-standard closure of the algebra.
Turning to expansion now, we find
which fixes λ 6 = 1/4. Then the brackets involving K are seen to be
Thus the dilatation and expansion have the final form
Some comments are in order. We have obtained the deformed Schrödinger algebra involving two parameters, λ 2 and λ 3 . The closure of the algebra is highly nontrivial and yields new structures. For θ → 0, the deformed algebra reduces to the undeformed one. A distinctive feature is that there is no choice of the free parameters for which the standard (undeformed) algebra can be reproduced. This is an obvious (and important) difference from the Poincaré treatment.
It is however possible to obtain an alternative deformation which, for a particular choice of parameters, yields the undeformed algebra. First, notice that as far as the Galilean part is concerned, fixing λ 2 = 0 and λ 3 = 1/2 gives the standard algebra, although the generators are deformed. With this choice, the brackets involving D and Galilean generators, given in Eq. (34), also reduce to the standard ones. The same is, however, not true for brackets involving K, given in Eq. (35). So let us remodify the form (32), allowing the possiblity of θ 2
Coproducts and Hopf algebra
The comultiplication rules, using the coordinate representation, for generators given in Eqs. (27), (43) and (48), turn out to be
Note that among the free parameters λ 2 , λ 3 and λ 6 appearing in the definition of the deformed generators, only the first two occur in the expressions for the deformed coproducts. The parameter λ 6 , which is present in K, however, does not occur in ∆( K). Now we compute the basic Hopf algebra. Expectedly, it turns out that the Hopf algebra can be read off from Eqs. (25), (24), (34) and (41) by just replacing the generators by the coproducts. As is known there is an alternative method, based on quantum-group-theoretic arguments, of computing the coproducts [5, 6] . This is obtained for the particular case when the deformed generators satisfy the undeformed algebra. In our analysis it corresponds to the choice λ 2 = 0, λ 3 = λ 6 = 1/2. The essential ingredient is the application of the abelian twist function,
as a similarity transformation on the primitive coproduct rule to abstract the deformed rule. Consider first the Baker-Campbell-Hausdorff relation,
which implies
Let us now take the specific example of Galilean boosts. Therefore, taking the primitive coproduct (Eq. (54) with θ = 0, the commutative-space analogue),
we find, after an application of the twist function,
where use has been made of Eq. (58). This is the deformed coproduct rule (54) (for the specific values of the free parameters already stated) obtained by identifying
Similarly the coproducts for other generators can also be obtained from the same twist element.
Deformed conformal algebra through contraction
Strictly speaking, the algebra obtained by enlarging the Galilean algebra by including dilatations and expansions, as discussed in the previous subsections, is not a conformal algebra since it does not inherit some basic characteristics like vanishing of the mass, equality of the number of translations and the special conformal transformations, etc. However since it is a symmetry of the Schrödinger equation, this enlargement of the Galilean algebra is appropriately referred to as the Schrödinger algebra. It is possible to discuss the conformal extension of the Galilean algebra by means of a nonrelativistic contraction of the relativistic conformal-Poincaré algebra. Recently this was discussed for the particular case of three dimensions [18] . This algebra is different from the Schrödinger algebra discussed earlier. We scale the generators and the noncommutativity parameter as
where c is the velocity of light. We use this scaling in Eq. (11) and take the limit c → ∞.
Finally we redefine to choose the same symbols for the nonrelativistic case; i.e. we do the replacements D → D, etc. Then we get the deformed algebra
This algebra also contains a free parameter. Restricting to three dimensions and the specific choice η 1 = −i reproduces the results obtained recently in Ref. [18] .
Conclusions
We have analysed in detail the deformed conformal-Poincaré, Schrödinger and conformalGalilean symmetries compatible with the canonical (constant) noncommutative spacetime and found new algebraic structures. We followed a two-step algebraic process. First, by requiring the compatibility of transformations with noncommutativity, a general deformation of the generators was obtained. Then a definite structure emerged after demanding the closure of the algebra satisfied by the deformed generators.
For the Poincaré sector, we obtained a generalisation (by including, apart from the translations and rotations, a symmetric second-rank tensor operator) of the Poincaré algebra containing two arbitrary parameters. Fixing these parameters reproduced the usual undeformed algebra.
For the full conformal-Poincaré case we obtained new algebraic structures. We found a one-parameter class of deformed special conformal generators that yielded a closed algebra whose structure was completely new. Unlike the Poincaré sector, it was not necessary to extend the set of generators to obtain these new structures. Fixing the arbitrary parameter reproduced the usual (undeformed) Lie algebra. In this case the deformed special conformal generator also agreed with the result given in Ref. [11] .
We derived the structures of the generators in the coordinate and momentum representations and demonstrated that momentum representation is more favoured for the noncommutative space [17] . Although there was deformation in the generator for the general case, for a particular value of the parameter for which the generators satisfied the usual (undeformed) algebra, the deformation in generators dropped out in the momentum representation.
Next we considered the Schrödinger symmetry. Here we obtained the deformed Schrödinger algebra involving two parameters. The closure of this algebra was quite nontrivial and yielded new structures. The generators involved O(θ) deformations. For θ → 0, the deformed algebra reduced to the undeformed one. However a distinctive feature was that there was no choice of the free parameters for which the standard (undeformed) algebra could be reproduced.
Exploring other possibilities, then we obtained an alternative deformation which, for a particular choice of parameters, indeed reproduced the undeformed algebra. In this case the modified special conformal generator involved O(θ 2 ) terms while the other genrators involved at most O(θ) terms only. The deformed Schrödinger algebra now involved three parameters, a particular choice of which reproduced the standard algebra. For this choice, moreover, the deformations dropped out in the momentum representation, exactly as happened for the relativistic conformal-Poincaré case.
In all these examples we computed the modified comultiplication rules associated with the deformed generators. These rules also contained the free parameters entering in the definition of the generators. As a consistency, we showed that the comultiplication rules, for the particular values of the free parameters yielding the undeformed algebra, agreed with those obtained by an application of the Abelian twist function on the primitive coproduct.
We also discussed the conformal extension of the Galilean algebra by means of a nonrelativistic contraction of the relativistic conformal-Poincaré algebra. Recently this was discussed for the particular case of three dimensions [18] . This algebra is different from the Schrödinger algebra, both in the commutative and noncommutative descriptions. As a last remark we mention that the present analysis can be extended to other (non-constant) types of noncommutativity. Some results in this direction have already been provided for the Snyder space [14] .
